A note on partition sum polynomials  by Paeng, Seong-Hun & Cho, Hee Je
European Journal of Combinatorics 29 (2008) 83–87
www.elsevier.com/locate/ejc
A note on partition sum polynomials
Seong-Hun Paeng, Hee Je Cho
Department of Mathematics, Konkuk University, 1 Hwayang-dong, Gwangjin-gu, Seoul 143-701, Republic of Korea
Received 9 October 2006; accepted 21 December 2006
Available online 1 February 2007
Abstract
We show how to partition the set { k!p0!p1!···pl ! | pi ≥ 0, p0+· · ·+ pl = k} such that differences between
sums of partitions are at most 1. From this, we obtain some equalities.
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1. Introduction
We consider the following problem: How can we partition the set { k!p0!p1!···pl ! | pi ≥ 0,
p0 + · · · + pl = k} such that differences between sums of partitions are at most 1?
First we consider the case l = 1. By the binomial expansion, we have
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where we let
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It is a natural question if
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+ · · ·’s are the same except one for n =
4, 5, . . . . We can observe that the above is the special property of
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i = 0, 1, 2. For example, if k is a multiple of 8 and n = 4,
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2 ,
which is much larger than 2k/4 [1]. There are some results on
∑
k≡r (mod m)
( n
k
)
by Sun and
Sun [6,7]. Our aim is to explain the reason for such phenomena and generalize it.
In the ring Z[x]/〈x3 − 1〉, we can write (1+ x)k = a(k)0 + a(k)1 x + a(k)2 x2. Then
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(1.1)
and |a(k)i − a(k)j | ≤ 1. Let b(k)i be coefficients of (1 + x)k in Z[x]/〈xn − 1〉 for n 6= 3. Then
b(k)i =
(
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)
+
(
k
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)
+
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+ · · · for i = 0, 1, 2, 3, . . . , n − 1 and it does not hold that
|b(k)i − b(k)j | ≤ 1 for n 6= 3 as we see in the above.
We will generalize it to Z[x]/〈xn − 1〉 as follows: let
Sm = {(p0, p1, . . . , pn−2) | p0, . . . , pn−2 ≥ 0, p0 + · · · + pn−2 = k,
p1 + 2p2 + · · · + (n − 2)pn−2 = m}.
Theorem 1. If (1+ x + · · · + xn−2)k = a(k)0 + a(k)1 x · · · + a(k)n−1xn−1 in Z[x]/〈xn − 1〉, then for
i 6= (−k)mod n,
a(k)i =
i+nq≤k∑
q=0
∑
(p0,...,pn−2)∈Si+nq
k!
p0!p1! · · · pn−2! =
(n − 1)k − (−1)k
n
and for i = (−k)mod n,
a(k)i =
i+nq≤k∑
q=0
∑
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k!
p0!p1! · · · pn−2! =
(n − 1)k − (−1)k
n
+ (−1)k .
Theorem 1 shows how to partition the set { k!p0!p1!···pn−2! | p0+ p1+· · ·+ pn−2 = k} such that
the sum of each partition is almost (n−1)k/n, i.e. the differences between sums of partitions are
at most 1.
In particular, we obtain for n = 3, if i 6= (−k)mod 3,(
k
i
)
+
(
k
i + 3
)
+
(
k
i + 6
)
+ · · · = 2
k − (−1)k
3
and for i = (−k)mod 3,(
k
i
)
+
(
k
i + 3
)
+
(
k
i + 6
)
+ · · · = 2
k − (−1)k
3
+ (−1)k .
For n 6= 3,
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)
+ · · · is approximated to 2k/n as follows [3]:
S.-H. Paeng, H.J. Cho / European Journal of Combinatorics 29 (2008) 83–87 85
Theorem 2. For k > n, we have that∣∣∣∣2kn −
((
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)
+
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)
+ · · ·
)∣∣∣∣ ≤ Cnλkn
for some constant Cn and 1 < λn < 2.
Note that Cnλkn is very small compared with 2
k/n as k → ∞ but it is a very large number
compared with 1 for large k.
2. Representation of polynomial ring and proof of theorems
We introduce a representation of a polynomial ring as follows [2]: We identify c0 + · · · +
cn−1xn−1 ∈ Z[x]/〈xn − 1〉 with a vector (c0, . . . , cn−1) ∈ Zn . Then we have the following
representation of Z[x]/〈xn − 1〉 into the set of n × n matrices with integer entries [4,5]:
Φ : Z[x]/〈xn − 1〉 → M(n,Z)
h 7→ Φ(h), Φ(h)( f ) = h(x) f (x). (2.2)
Let {1, x, x2, . . . , xn−1} be a basis of Zn = Z[x]/〈xn − 1〉. If h(x) = h0 + h1x + · · · +
hn−1xn−1, then
Φ(h) =

h0 hn−1 · · · h2 h1
h1 h0 · · · h3 h2
...
...
. . .
...
...
hn−2 hn−3 · · · h0 hn−1
hn−1 hn−2 · · · h1 h0
 . (2.3)
Proof of Theorem 1. For simplicity, first we consider the case n = 3. Instead of (1 + x)k ∈
Z[x]/〈x3 − 1〉, we consider (Φ(1+ x))k = Φ((1+ x)k), where
Φ(1+ x) =
1 0 11 1 0
0 1 1
 =
1 1 11 1 1
1 1 1
−
0 1 00 0 1
1 0 0
 . (2.4)
We can verify that Φ(1 + x) has an eigenvector (1, 1, 1). Let e0 = (1, 0, 0) = 1, e1 =
(0, 1, 0) = x, e2 = (0, 0, 1) = x2. Since the first column vector of Φ((1 + x)2) is Φ(1 + x)(v)
for the first column vector v = (1, 1, 0) = (1, 1, 1)−e2 ofΦ(1+x). Hence the first column vector
of Φ((1+ x)2) is (1, 1, 1)+ e1. If the first column vector v of Φ((1+ x)k−1) is c(1, 1, 1)± ei ,
then the first column vector of Φ((1+ x)k) is
Φ(1+ x)(c(1, 1, 1)± ei ) = (2c ± 1)(1, 1, 1)∓ e j
for j = i − 1 mod 3, which implies that two coefficients of (1 + x)k are the same and the
difference from the other one is 1. Inductively, for n = 3, if i 6= (−k)mod 3,
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(
k
i
)
+
(
k
i + 3
)
+
(
k
i + 6
)
+ · · · = 2
k − (−1)k
3
and for i = (−k)mod 3,
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For the ring Z[x]/〈xn − 1〉,
Φ(1+ x + x2 + · · · + xn−2) =

1 0 · · · 1 1
1 1 · · · 1 1
...
...
. . .
...
...
1 1 · · · 1 0
0 1 · · · 1 1
 . (2.5)
We can verify that (1, 1, . . . , 1) is an eigenvector of Φ(1+x+x2+· · ·+xn−2). Then the column
vector of Φ(1+ x+ x2+· · ·+ xn−2) has the same entries except for one entry and the difference
is 1. If v = c(1, 1, . . . , 1)± ei , then
Φ(1+ x + x2 + · · · + xn−2)(v) = (2c ± 1)(1, 1, . . . , 1)∓ e j
for j = i − 1 mod n, which implies that all entries of Φ(1+ x + x2 + · · · + xn−2)(v)’s are the
same except for one entry and the difference is 1. By the same arguments as above, we can prove
Theorem 1. 
Proof of Theorem 2. We have
Φ(1+ x) =

1 0 0 · · · 1
1 1 0 · · · 0
...
...
...
. . .
...
0 0 0 · · · 0
0 0 0 · · · 1
 .
Also an eigenvector of Φ(1+ x) is v0 = (1, 1, . . . , 1) and its eigenvalue is 2. An eigenvalue λ of
Φ(1+ x) satisfies that
det(P − λI ) = (1− λ)n − (−1)n = 0,
where I is the n×n identity matrix. Considering eigenvalues inC, absolute values of eigenvalues
which are not 2 are strictly smaller than 2. We denote by λn the largest absolute value of
eigenvalues which are not 2. Let H be the hyperspace defined by
H = {(x0, x1, . . . , xn−1) | x0 + · · · + xn−1 = 0}.
Then we have Φ(1 + x)(H) = H and H is orthogonal to v0. So H is spanned by eigenvectors
which are not v0. Hence for w ∈ H , we have
‖Φ(1+ x)k(w)‖ ≤ Bnλkn‖w‖
for some constant Bn > 0.
The first column of Φ((1 + x)k) is Φ(1 + x)k(e1) for e1 = (1, 0, 0, . . . , 0). If w1 =
(1− 1n ,− 1n , . . . ,− 1n ), then
Φ(1+ x)k(e1) = Φ(1+ x)k
(
v0
n
+
(
1− 1
n
,−1
n
,−1
n
, . . . ,−1
n
))
= 2
k
n
v0 + w2,
where ‖w2‖ ≤ Bnλkn‖w1‖, since w1 ∈ H , which completes the proof by letting Cn =
Bn‖w1‖. 
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